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1  Overview

In this lab, we will investigate antibiotic resistance and will work on an active
research project! The question we are trying to answer is how a specific sequence
in the genome controls how resistant bacteria are to a certain antibiotic, and how
mutations in this sequence can either increase or decrease the growth rate of the
bacteria. To do that, we will build mathematical models for different processes in
the cell, and put them together in order to connect measurements of growth rates
using a plate reader with the sequences in the genome.

First, we will build a model that predicts the growth rate of a cell given the level
of expression of a gene that expresses a protein that can pump out the antibiotic out
of the cell. The more pumps there are, the more antibiotic can be pumped out, and
the faster the cell can grow.

Second, we will build a model that connects the sequence an element in the
genome to the level of expression of the gene. This element is a promoter sequence
to which RNA polymerase binds to make the mRNA coding for the gene. If the pro-
moter and the RNA polymerase have weak binding, less mRNA is produced, and
therefore fewer copies of the protein.

While both of these approaches have been studied separately before, the novelty
of our experiment is to connect the two models, ultimately allowing us to predict the
growth rate of the bacteria from one single sequence. If we succeed, we created a
piece of knowledge that no one has learned before!

2 Background

In this section, we will cover the basics of regulation gene expression as well as
give a more detailed explanation of our experimental system.

2.1 From sequence to gene expression

What makes a cone cell in the retina different from a skin cell? Both have the
same set of genes, but clearly they differ substantially in both structure and function.
The reason, in part, is that although both cells share the same genes, they have dif-
ferent profiles of gene expression. The question of how gene expression is regulated
is a major area of inquiry in contemporary biology, both because of its importance
to biological function and because of the richness and diversity of gene regulation
strategies that can be found in nature. Furthermore, a quantitative understanding



of regulation of gene expression is necessary for engineering applications. Regula-
tion occurs at all steps along the central dogma, from methylation of genomic DNA
(known as epigenetics) to the chemical modifications made to proteins after transla-
tion that modulate their function or localization.

As such, there are many different players that can be involved in regulating the
expression of a gene. Here, we are only considering the RNA polymerase (RNAP).
RNAP is recruited to the transcription start site (T'SS) of a gene by a sigma factor.
A sigma factor recognizes a specific target sequence in the genome; this sequence is
called a promoter sequence. The probability of initiation of transcription is higher
if the promoter sequence and target sequence of the sigma factor are highly similar.
One part of the model we are exploring in this experiment is how differences in the
promoter sequence lead to various levels of expression of the downstream gene.

2.2 Antibiotic resistance

Antibiotic compounds are often small molecules that bind important proteins in
the cell and inhibit essential functions, leading to stalling of growth (bacteriostatic an-
tibiotics) or even kill the bacteria (bactericidal antibiotics). Most of these molecules
are actually produced by microbes as a way of fighting off competition in the envi-
ronment. As a defense mechanism, cells can evolve different ways of inhibiting the
effect of an antibiotic. Random mutation of genes coding for protein targets of an an-
tibiotic can suppress antibiotic-target binding, thereby rendering the antibiotic impo-
tent. Other mechanisms revolve around reducing the concentration of the antibiotic
inside of the cell, e.g., by pumping the molecule out of the cell. In this module, we
will explore this mode of resistance against the drug tetracycline. Tetracycline binds
the ribosome, stalling protein synthesis. There is resistance gene, tetA4, which codes
for a secondary efflux pump. This means that it exchanges a tetracycline molecule
against a chemical gradient, which in this case is a hydrogen gradient. In this mod-
ule, will derive a mathematical model for the concentration of the drug and how it
changes as a function of expression levels of zezA.

2.3 Model for bacterial growth in the presence of antibiotic

In this section, we derive expressions for the growth rate of bacteria in the pres-
ence of antibiotics based on known physiological interactions between cell membrane
and ribosomes with tetracycline. A sketch of these interactions is shown in Fig. 1.
Tetracycline can be exchanged in and our of the cell membrane. Once inside a cell,
it binds ribosomes rendering them ineffective for protein production. To combat
this, the efflux pump TetA actively pumps tetracycline out of the cell.



Figure 1: Mode of action for tetracycline and the efflux pump TetA. Tetracy-
cline enters the cell passively and binds the small subunit of the ribosome, where
itinhibits translation by blocking binding from the charged tRNA. TetA reduces
the intracellular concentration of tetracycline by pumping out the drug against
a proton gradient.

2.3.1 Empirical bacterial growth laws

In recent years, there has been a tremendous advancement in our understanding
of bacterial physiology from a theoretical perspective. The group of Terrence Hwa
has proposed and tested a series of empirical growth laws based on experimental
observations of cellular behavior [5, 4]. A major observation is a law that describes
a linear relationship between the concentration of ribosomes that are unbound to
antibiotic, ,, and the growth rate 1 of the cell’,

(ry — rmin) K, forr, > rum
A= 1)
0 for 7, < #min.

where 7, is the minimal unbound ribosome concentration needed for growth and
K, 1s an empirically determined proportionality factor called translational capacity.
(Henceforth, for concision of language, we refer to ribosomes that are not bound
to antibiotic as ‘“‘unbound ribosomes.” Naturally, these unbound ribosomes may be
bound to mRNA.) This equation says that a minimal number of ribosomes is needed
for growth (since some fraction of the ribosomal activity is allocated for maintaining
protein levels in the cell), and that faster growth rate necessitates more ribosomes.

'We recognize that in the E. coli growth module, we referred to the growth rate as r, and in Neid-
hardt’s paper, the growth rate was #. Now we are using 1. This may seem like a notational jumble,
but we are keeping notation consistent with the papers that developed the models we are using in this
module.



For convenience going forward, we will simply write this as
A= (r, — rmin) K1, (2)
with the understanding that 7, < 7y, results in zero (not negative) growth.

Though we will not use it in what follows, another result of their study is worth
mentioning. The observed cells responded to translation inhibiting drugs by increas-
ing the total (bound and unbound) ribosome concentration, ;. This relationship
was also found to be linear,

A= (rmax - rtot)Kna (3)

where 7,4 is the maximum possible total ribosome concentration in the cell and «,
is the phenomenological constant of proportionality, referred as the nutritional ca-
pacity. This equation might seem at face confusing. It says that the growth rate
decreases as the ribosomal fraction increases, apparently contrary to equation (2). Im-
portantly, equation (2) relates the growth rate to unbound ribosomes and equation (3)
related the growth rate to zotal ribosomes. In the presence of antibiotic, we can have
r, < Tor, meaning that most ribosomes are bound to antibiotic and therefore can-
not make protein. As antibiotic concentration gets really high, the cell cannot make
more than r;,,, ribosomes (that is, 7, can never exceed ), and growth stops.

2.3.2 Dynamics of intracellular antibiotic concentration

We will now consider the respective processes that affect the intracellular antibi-
otic concentration 4.

Inflow and outflow of antibiotic. Tetracycline enters the cell by passive diffu-
sion through the outer membrane and subsequently via energy-dependent transport
through the cytoplasmic membrane [3]. The net inflow of tetracycline into the cell
by these processes is

4(%;(7 “) = Py aex — Py a, (4)

where a., is the extracellular concentration of antibiotic and P;, and P, are rate con-
stants describing respectively the effective permeabilities for influx and outflux of
antibiotic. Cells gain resistance by expressing antibiotic-specific secondary efflux
pumps (sometimes called antiporters), which draw energy from a chemical gradi-
ent. In the case of the tetracycline antiporter, the antibiotic is exported against a
proton gradient. We assume that the proton gradient is constant for the duration of
the experiment. We can model the outflow of antibiotic due to efflux pumps with a
Michaelis-Menten expression,

d/KM

1+a/Ky’ ®)

Jex (d) = {ex,0



where Ky is the Michaelis constant of the efflux pump and g ¢ is the maximum
efflux rate (in units of concentration per time) which depends on the expression of
the resistance gene.? In this model we include growth mediated feedback to gene

expression [4]. That is, if growth rate is reduced, so is the expression of genes in the
cell [1].

A
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where g5 is the flow rate when antibiotic is removed so effectively that it does not
impede growth. (A detailed discussion of 455 and how it depends on regulation of
the resistance gene is given in section 2.3.6.) Thus, we have

o ax A él/KM
9ex(@) = qoyo G0 1+ /Ky (7)

Binding equilibrium between the ribosome and antibiotic. Tetracycline binds
reversibly to the ribosome. We can write this as

R, =R, +A, (8)

where Ry, is a bound ribosome. We will denote the total concentration of antibiotic-
bound ribosomes as ,, where 7, + 1, = rio;. We assume that establishing equilibrium
for this binding happens much faster than other pertinent processes such that we can
take the ribosome binding-unbinding reaction to be in equilibrium at all times such
that

r,a

Ky = )

I’b.

Dilution due to growth. Finally, we note that as cells grow, by virtue of the total
cellular volume increasing, the concentration of any species inside a cell decreases
linearly with growth rate. E.g., antibiotic in the cell gets diluted with rate Aa.

Dynamics of antibiotic. We can now write down the rate of change of the intracel-
lular antibiotic concentration by summing up all of the processes we have consider.

da = dilution via growth

dr

Ifyou are unfamiliar with Michaelis-Menten kinetics, do not worry. Importantly, at low antibiotic
concentration relative to the Michaelis constant, g., increases linearly with 4, but at high antibiotic
concentration, gey reaches a maximum value. That is, the efflux pumps have an operational speed
limit.




+ net gain due to in/outflow through the membrane
+ loss due to efflux pumping out of the cell. (10)

Plugging in the respective mathematical expressions for each of these,
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2.3.3 Steady state growth rate

At long times, the system tends toward a steady state, a set of variables where all
time derivatives vanish. We specifically want to find the steady-state growth rate 4 as
a function of the extracellular antibiotic concentration 4., and the relevant physical
parameters. At steady state, we have

d K
_d:_/la"i_Pindex_Poutd_ - )‘ d/ M

1 = 0. (12)

ex,0701+ﬂ/KM -
This is a useful equation, in that it relates the growth rate A to the extracellular an-
tibiotic concentration 4, and the physical parameters Py, Pout, 40, Knm, and g
However, it still contains the unknown variable a. So, we need to be able to write a
in terms of 4 and physical parameters.

To do so, we recall that the empirical law relating growth rate to ribosome, equa-
tion (2), which we may write as

A
7y = Vmin + —- 13
g + o (13)
Recall also the equilibrium expression for ribosome-antibiotic binding, equation (9),
which we may write as

’

a=Ki2. (14)
ru

We know that the total ribosome concentration has to be the sum of bound and un-

bound ribosomes, 7;x = 7, + 7, such that r, = 7, — 7,,. Substituting this expression

into our expression for a gives

"y

Ttot —
a=Ky——
Ty

(15)
Let us return now to the empirical relation. We know that in the absence of an-
tibiotic, A = A¢ and r,, = . Therefore,
Ao
Ttot = "min T ?: (16)

t



such that

Ao — A
Trot — 1y = OKt : (17)
Substituting into equation (15), we have
d(/I)—Kd (’10_ )/Kl‘_K /10—_2 (18)
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We now have an expression for 2 and a function of 1. We can insert this expression
into equation (12) to get an equation that includes only 4 and physical parameters.
We will do that in the next section when we write everything in dimensionless form.

2.3.4 Nondimensionalization

To gain intuition and to simplify expressions, it is useful to put our expressions
in dimensionless form. That is, we write the differential equation in terms of dimen-
sionless variables and parameters

t= At (19)
a=a/Ky, (20)
dex = dex/ K4, (21)
A= A/A, (22)
Py, = Pu/ Ao, (23)
Pou = Pouc/ o, (24)
Texo = dexo/Kd Ao, (25)
K = Ky /Kq, (26)
K = K;"min/Ao- (27)

This effectively means that we are choosing the units of time to be in terms of the
inverse growth rate and the units of 4 (and 4.) to be the dissociation constant K4. In
this case, we have

da L = .5 a/K
=—1 Py acy — Poyra — ax/1_~:0’ 28

FT a—+ Lina, t @ — ex 0 1+ a/k (28)
1

a=_= (29)
K+ A



This identifies five dimensionless parameters that determine the growth rate. Three
of these are rate parameters associated with transport of antibiotic in and out of the
cell. First. P, is the ratio of the constant for intake, Py, and dexo- The parameter
k is the ratio of scale of the rate of translation x, 7, to the maximal growth rate 4.
The parameter K is the ratio of the Michaelis constant for antibiotic transport out
of the cell and the dissociation constant for binding antibiotic to the ribosome. The

smaller « is, the greater the resistance to the antibiotic.

We now substitute the expression for (1) and simplify to get

S EE AN S A S . P
dz K+ 4 K+ 4 T 14+ kK- (1-K)4
(30)
Finally, we use the chain rule to note that
da _dadi_ 1+x d2 (1)
dt  di di  (k+ )2 di’

which gives our final differential equation for the (dimensionless) growth rate as a
function of the external antibiotic concentration and physical parameters.

= = Zl_/E_j)inZleX"'j)outi
dl  (k+21)? K+ 4 K+ 4
A L ) . (32)
dr 1+ K - 1— 1

~max

T4 kK- (1-K)A

We seek the value(s) of  such that d A /dt = 0. Note that 0 < yl <1.

2.3.5 Steady state growth rate(s)

To solve for the steady state growth rate, we need to find a value of A such
that d4/dz = 0. This can be done by noting that setting the parenthetical term
in equation (32) to zero results in dA /dz = 0. Multipying the parenthetical term
by (k + A)(1 + kK — (1 — K)A) and setting the result to zero results in a cubic
polynomial root finding problem,

0=(K+7™= 1)1’

ex,0

+ (2 (1= K) P+ Pow) — (1 K)(@2% + K)) A

— A+ kX K) — (2= (1= K)K)Poyt — (1 — (1 — 2K) k) Py Gey) A

ex,0

+ (14 KK)(K Pty — Pour). (33)



There is an analytical solution, but it is the solution to a cubic equation and is a
mess. We will instead solve for A numerically, noting that if there is no solution with
0< 1< 1, then 4 = 0 and the cells do not grow. We will have an in-class tutorial
on how to do this.

In the meantime, it is worth analyzing the expression for d 1 /dz. In Fig. 2, we see
a plot of the time derivative of the growth rate as a function of the growth rate for
parameters given in Table 2 in the next section, assuming a growth rate of 0.7 hr !,

dex = 1 1M, and ¢™* = 11.9 min~ .

ex,0 —
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Figure 2: dA /d7 versus A for parameters given in Table 2, assuming a growth
rate of 0.7 hr !, aey = 1 1M, and gocs = 11.9 min— L.

Note that there are two steady states for these parameter values. Consider first
the higher steady state, which is to the right. Let’s say that cells in these conditions
are growing at this growth rate (about 0.771,). Now say there is a perturbation where
the growth rate increases slightly. To the right of that steady state, the derivative is
negative, so the growth rate will slow back to the steady state. Similarly, if there is
a perturbation where the cells decrease their growth rate, the time derivative of the
growth rate is positive, so the cells grow faster and return to the steady state. This
steady state is said to be stable.

Now consider the left steady state, which has a growth rate of about 0.0751,. A
perturbation to the right, where cells grow slightly faster, results in a positive time
derivative of growth rate. As a result, the cells grow faster and faster until they reach
the right steady state. Conversely, if there is a perturbation to the left, where cells
grow slightly slower, the time derivative of the growth rate is negative, and the growth
slows all the way to zero. Thus, the left steady state is unstable. Though the time
derivative vanishes there, any perturbation pushes the cell population to either no
growth or to the other steady state.



So, under these conditions, it is possible to have two populations of cells, those
that do not grow (and essentially die), and those that grow at about 77% of the maximal
growth rate.

There are not always two steady states. There can be zero, one, two, or three!
Remember that when there are no steady states, there is no growth; the antibiotic
concentration is too high. You can explore these possibilities for different parameter
values at the interactive plot found here.

2.3.6 Model for the number of efflux pumps

The strains we use in this experiment all have a tetA4 gene, which codes for ef-
flux pumps, in their genomes (except for the wild type strain MG1655, which has no
tetA gene). Here, we will build a model for expression of this gene. There are no
transcription factors that regulate the expression of zez4; its expression depends en-
tirely the strength of the binding of RNA polymerase to its promoter sequence. Each
of the strains we will work with has a different promoter sequence, and therefore a
different strength of binding.

To model expression of this gene, and therefore to model the number of efflux
pumps we may expect in a given cell, we will assume that the number of efflux pumps
is proportional to the probability that polymerase can bind the promoter of the zez4
gene. That is,

number of efflux pumps & pround, (34)

where pyound 1S the probability that the promoter region of the zezA4 gene has an RNA
polymerase bound to it.

Say there are P RNAPs in the cell. Typically, all polymerases are bound to the
genome. We consider a state to be the positions where all P of the polymerases are
bound. Two states, one with and one without the promoter of interest being bound,
are shown in Fig. 3.

( )

Figure 3: Two possible states of RNAP bound to the genome. (A) All PRNAP
are bound outside the promoter. (B) One RNAP is bound to the promoter se-
quence, while all other P — 1 RNAPs are bound unspecifically.
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We assume that the binding energy for the site of interest is £, and that for any
other site on the genome is £,. The probability of a given state is given by the Boltz-
mann weight.

probability of state / oc e ~E/* T (35)

where kg is the Boltzmann constant and 7'is the temperature. Any state without
a polymerase bound to the promoter has energy PE,, since there are P polymerases
bound to the genome, each with energy Ey. Similarly, any state with a polymerase
bound to the promoter has energy (P—1)Ey+E. So, letting /V, be the number of states
with a polymerase bound to the promoter and /V, be the number of states without a
polymerase bound to the promoter, the probabilty of being bound is

N, e~ (P=DEo+E)/ksT
pbound = Nb e_((P_l)E0+E)//eBT+Nu e—PEo/kBT'

(36)

If there are a total of &/ nonspecific binding sites on the genome (that is sites that are
not the promoter), the the number of sites with the polymerase unbound is equal to
the number of ways to distribute the polymerase on those AV sites, which is

M
M= A 37
(?’/) (N — P)I P! (37)
Similarly,
N N
No = - : 38
? (P—l) (N—P+1)!(P-1)! (38)
So, we have
W ef((Pfl)EO‘i’E)//eBT
Pvound = A — — '7_ - o — ' (39)
ey € CVRTRT 4 o e R T

Dividing both the numerator and denominator by the second term in the denomina-
tor gives

P ef(Eon)/leBT

N—P+1
= - 40
pbou d 1 + N71;+1 e_(E_EO)/kBT ( )

Finally, we note that since NV > P, N — P+ 1 = N, giving

P e~ (E~En) kT

DPoound = (41)

14+ /% e (E—Eo)/kpT’
So, we have found a proportionality relationship for the number of efflux pumps.
P o—(E~Eo)/kyT

N
1+ Le (EE)/bl’ (42)

number of efflux pumps
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Presumably, 455 is proportional to the number of efflux pumps, so that

P e~ (E=En)/knT
ax
ex,0 X 1 + /%e—(E—Eo)/kBT‘ (43)

We are using 5 strains in this experiment, one of them being wild-type E. cols,
which does not express TetA. The other four strains have different promoters se-
quences, for which the binding energies have been measured [2]. The strain names
and the corresponding binding energies can be found in Table 1.

Table 1: Promoter binding energies

Strain E — Ey in units of kg T
MG1655 | oo (because there is no zetA gene)
3.19 —-3.19

I —4.28

WTlac —5.19

lacUV5 —7.93

2.3.7 Analysis of experimental data

In your experiment, you will vary the tetracycline concentration to impose vari-
ous values of a. for various strains of bacteria. You will then measure the bacterial
growth rate by growing bacteria and measuring absorbance over time using the Bi 1x
plate reader as you did in the E. coli growth experiment. As a result, you will have a
data set for each strain of bacteria consisting of (4., 4) pairs. You will also do this in
the absence of tetracycline in order to get the parameter 4,. You will then use your
(@ex, 4 ) data to perform a regression to obtain the parameter g¢;';. We have estimates
for the rest of the parameters from the literature. A summary of the parameter values
are shown below.

Table 2: Parameter values

Parameter Value Reference

"tmin 19.3 uM Scott, et al., 2010
Ky 0.061pM~1.h7? Scott, et al., 2010
P, 2.85h7! Greulich, et al., 2015
Pout 2.85h7! Greulich, et al., 2015
Ky 1uM Deris, et al., 2013
Ky 10 pM Deris, et al., 2013
Ao measured —

gos determined by regression —

You will then plot your measured g¢;’5 versus the binding energies (or a func-
tion thereof) to see if our proportionality relationship between 45,5 and the binding
energies given by equation (43) holds.
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3 Protocol
3.1 Growth in a Plate Reader

Here we are essentially running the same plate reader protocol that we have used
for the E. coli growth protocol.

3.2  Well Plate Layout

We are going to test concentrations of antibiotic over multiple orders of magni-
tude. The concentration of the tetracycline hydrochloride stock we are using is 10
mg/mLin ethanol. (Note that tetracycline hydrochloride has a molar mass of 480 g/-
mol.) There will be dilutions available at factors of 10 x, 100 x, and 1000 x dilutions
of this solution. Because the stock contains ethanol, the dilutions were prepared to
have as little ethanol as possible.

Each pair of lab partners will have their own specific concentration of antibiotic
to use in the experiment. You will be assigned a team number in lab and will make 3.5
mL solution of an antibiotic solution of your dilution. You will also have M9 + glucose
stock in lab. You final solution should have the prescribed antibiotic concentration
and be 0.5% glucose in M9 media.

Table 3: Antibiotic concentrations

Group | Team | ABX concentration (pg/mL) | ABX concentration (pM)
A 1 0.1 0.21
B 1 0.21 0.44
A 2 0.43 0.90
B 2 0.90 1.88
A 3 1.87 3.90
B 3 3.90 8.13
A 4 8.11 16.90
B 4 16.88 35.17
A 5 35.11 73.15
B 5 73.05 152.19
A 6 100 208.33
B 6 150 312.50

The plate layout is shown in Figure 4. Each team will work with one concentra-
tion of the antibiotic. Five wells will be filled with the media without any antibiotic in
order to measure the growth rate 1,. Fill each of these wells with 300 pL of media.
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Figure 4: Plate layout for growth with antibiotic. White wells are media with-
out antibiotic, i.e., M9 minimal media with 0.5% Glucose. Orange wells are for
media with antibiotic. The gray well has media but no cells, left as a blank.

4 Assignment

Problem 0 (Summary).
Write a summary of this experiment, its objectives, and conclusions between one
paragraph and one page in length.

Problem 1 (Preparing the culture (prelab)).
Why is the culture grown for about 4 hours before the experiment? Why is it not just
taken directly from the overnight culture?

Problem 2 (Drug concentrations (in-lab prelab)).

You will be assigned a team number when you come to lab. Work out the dilution
protocol you will use to obtain a 0.5% glucose in M9 solution that has the concentra-
tion of tetracycline prescribed in Table 3.

Problem 3 (Plotting growth curves and obtaining growth rates).

Plot the growth curves (OD600 measurements as a function of time). Make sure
to subtract the blank measurements from your OD measurements. Find the section
where cells grew exponentially and perform a fit to obtain the growth rate for each of
the growth curves you have obtained.
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Problem 4 (Plotting growth rates and finding 45,75).

For each strain, make a plot with the antibiotic concentration on the horizontal axis
and the relative growth rate on the vertical axis. The relative growth rate is the
growth rate of the cells at a nonzero antibiotic concentration compared to growth in
the absence of antibiotic. We have been describing this as 4 /4,. Both axes should be
on a logarithmic scale (though this precludes plotting points where the growth rate
is identically zero).

max

From these curves, perform a regression to obtain estimates for g0 for each
strain.

Problem 5 (RNAP binding probability).

Plot your estimates for qexo Versus the probability of polymerase binding, pound s
given by equation (43). You can take P and /V to be their typical values of P ~ 5000
and V ~ 4.6 million. Does the relationship in equation (43) appear to hold?

Problem 6 (Data and code).
Attach all code used for data analysis.
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